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Abstract
The irregularity strength of a graph G is the smallest possible value of k or which we can
assign positive integers not greater than k to the edges of G, in such a way that the sums at each
vertex are distinct numbers. In this paper, we study the irregularity strength in relation with a
graph composition. We prove a general bound for the irregularity strength of regular compound
graphs and derive exact results for some innite families of graphs. c© 2000 Elsevier Science
B.V. All rights reserved.
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1. Introduction
All the graphs we deal with are undirected, simple and connected. Let G=(V; E), be
a graph. A function w : E ! Z+ is called a weighting of G, and for an edge e 2 E, w(e)
is called the weight of e. The strength s(w) of w is dened as s(w) = maxe2E w(e).
The weighted degree of a vertex x 2 V is the sum of the weights of its incident
edges: dw(x) =
P
e3x w(e). We will simply call it the degree and denote it d(x).
The irregularity strength s(G) of G is dened as s(G) = minfs(w); w is an irregular
weighting of Gg.
The study of s(G) was initiated by Chartrand et al. [2] and has proved to be dicult
in general. There are not many graphs for which the irregularity strength is known.
For an overview of the subject, the reader is referred to the survey of Lehel [8] and
recent papers [7,6,1].
Denition 1. Let G and H be graphs. The family of compound graphs H [G] is ob-
tained from H by replacing each vertex of H by a copy of G, two copies are linked
by a perfect matching if and only if the corresponding vertices of H are adjacent.
Example. If H =C4 and G=C3, the graph in Fig. 1 is a compound graph G0 2 H [G].
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Fig. 1. A compound graph G0 2 C4[C3].
Remark.
 The cartesian product G  H of G and H is a compound graph 2 H [G].
 A compound graph G0 2 H [G] is regular if and only if H and G are regular.
1.1. Regular graphs
Let Gn; r be the set of all regular graphs of order n and degree r. For G 2 Gn; r ,
dene (G) = d(n+ r − 1)=re. By a simple counting argument, we have s(G)>(G).
For all the connected regular graphs for which the irregularity strength is known we
have s(G)6(G) + 1, and the following conjecture is due to Jacobson (see [8,5]):
Conjecture 1. There exists an absolute constant c such that for each regular graph G,
s(G)6(G) + c.
In this paper, we give support to this conjecture by proving the equality between
s(G) and (G) for some families of compound graphs G.
The paper is organized as follows: In Section 2, we dene a weighting algorithm
for regular compound graphs. Using this algorithm, in Section 3 we derive an upper
bound for the irregularity strength of regular compound graphs. In Section 4, we show
that there exist innite families of graphs for which the weighting algorithm is optimal.
2. Weighting algorithm
Let G 2 GnG; rG and let H 2GnH ; rH . Let G0 2H [G].
Dene V (G) = fxi; 16i6nGg, V (H) = fyj; 16j6nHg and
V (G0) = f(xi; yj); 16i6nG; 16j6nHg:
For every j; 16j6nH , Gj = f(xi; yj); 16i6nGg is a copy of G.
O. Togni / Discrete Mathematics 218 (2000) 235{243 237
By the denition of the composition, each edge (yj; yk) 2 E(H) corresponds to a
perfect matching between the copies Gj and Gk . Therefore, for each vertex (xa; yj) of
G0, there exists a unique b such that ((xa; yj); (xb; yk)) 2 E(G0). We partition the set
of edges of G0 into two sets: E(G0) = EG [ EH , EH = f((xa; yj); (xb; yk)); j 6= kg and
EG = f((xa; yj); (xb; yj)); (xa; xb) 2 E(G)g. An edge in EG (resp. EH ) will be said of
type G (resp. H).
Step 1: Weighting of type H edges. Let  2 Z+ and let w be an irregular weighting
of H with strength s(w) = sH . We furthermore suppose dw(y1)<dw(y2)<   <dw
(ynH ).
We extend this weighting to all type H edges of G0 by setting
w((xa; yj); (xb; yk)) = (w(yj; yk)− 1)+ 1; 8((xa; yj); (xb; yk)) 2 EH ;
w(e) = 0; 8e 2 EG:
Therefore, 8a; j; dw(xa; yj) = dw(yj) + (1 − )rH and so 8a; b; j; k; j<k )
dw (xa; yj)<dw(xb; yk).
We then obtain 8j; 16j<nH , dw(xa; yj+1)− dw(xb; yj)>. Hence 8j<k,
dw(xb; yk)− dw(xa; yj)>(k − j):
The maximum weight used s(w) veries
s(w) = (sH − 1)+ 1: (1)
Step 2: Weighting of type G edges. Let  2 Z+ and let v be an irregular weighting
of G, with strength sG. We extend this weighting to all type G edges of G0 in this
way:
v((xa; yi); (xb; yi)) = v(xa; xb) + (i − 1); 8((xa; yi); (xb; yi)) 2 EG;
v(e) = 0; 8e 2 EH :
We then obtain the following inequalities:
(i) 8(xa; yj) 2 V (G0), rG + (i − 1)rG6dv(xa; yi)6sGrG + (i − 1)rG,
(ii) max(xa; xb)2E(G)fv((xa; yi); (xb; yi))g6sG + (i − 1).
The maximum weight is given by
s(v)6sG + (nH − 1): (2)
Step 3: Choice of  and . For a vertex (x; y) 2 V (G0), let d(x; y) be its total
weighted degree: d(x; y) = dv(x; y) + dw(x; y).
Let (xa; yj) and (xb; yk) be two vertices of G0.
If j= k, we have dv(xa; yj) 6= dv(xb; yk) and dw(xa; yj)=dw(xb; yk). Thus these two
vertices have distinct degrees.
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If j<k, we have dw(xb; yk)− dw(xa; yj)>(k − j) and
rG + (j − 1)rG6dv(xa; yj)6sGrG + (j − 1)rG;
rG + (k − 1)rG6dv(xb; yk)6sGrG + (k − 1)rG:
Therefore, d(xb; yk)− d(xa; yj)>rG + (k − 1)rG + dw(xb; yk)− sGrG − (j − 1)rG −
dw(xa; yj)>(k − j)rG − (sG − 1)rG + (k − j).
The weighting will be irregular if 816j<k6nH ,
(k − j)rG − (sG − 1)rG + (k − j)>1:
As k − j>1, it is sucient to guarantee that rG − (sG − 1)rG + >1, or equivalently
>(sG − 1)rG + 1− rG: (3)
We have s(G0)6maxfs(v); s(w)g6maxfsG + (nH − 1); (sH − 1)+ 1g.
We have to nd positive integers  and  verifying (3) and minimizing s(G0).
Let 0 and 0 be the two real numbers verifying
sG + (nH − 1)0 = (sH − 1)0 + 1;
0 = (sG − 1)rG + 1− 0rG;
(4)
sG + (nH − 1)0 = (sH − 1)[(sG − 1)rG + 1− 0rG] + 1
, 0(rG(sH − 1)+nH − 1) = (sH −1)[(sG−1)rG + 1] + 1− sG
> (sG − 1)[rG(sH − 1)− 1]> 0:
 has to be an integer, so we set
 = d0e=

(sH − 1)[(sG − 1)rG + 1] + 1− sG
rG(sH − 1) + nH − 1

and = (sG − 1)rG − rG6(sG − 1)rG − 0rG = 0 ) s(w)6s(v).
Let us verify that >1: = (sG − 1)rG + 1− rG>1 if 6sG − 1.
It suces to prove that
(sH − 1)[(sG − 1)rG + 1]
rG(sH − 1) + nH − 1 6sG − 1
, (sH − 1)[(sG − 1)rG + 1]6(sG − 1)rG(sH − 1) + (nH − 1) (sG − 1) , sH − 16
(nH − 1)(sG − 1) which is realized, as sH <nH . Therefore we have >1.
3. Irregularity strength of compound regular graphs
By applying the algorithm of Section 2, we can derive the following general upper
bound for the irregularity strength of a compound regular graph.
Proposition 2. Let G 2 GnG; rG ; H 2 GnH ; rH and let G0 2 H [G]. Suppose sG = s(G) =
(G) + cG and sH = s(H) = (H) + cH ; then
s(G0)6

nH (nG + (cG + 2)rG + rH − 1) + (sG − 1)rH
rG + rH (1− (cH + 1)=(sH − 1))

:
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Proof. By the choice of  in the algorithm, we have s(w)6s(v), therefore we just
have to compute the strength of the weighting v:
sG6

nG + rG − 1
rG

+ cG ) sGrG6nG + (cG + 2)rG − 2) (sG − 1)rG
6 nG + (cG + 1)rG − 2:
Let c0G = cG + 1, we obtain (sG − 1)rG6nG + c0GrG − 2.
The integer  then veries
6

(sH − 1)(nG + c0GrG − 1) + 1− sG
rG(sH − 1) + nH − 1

;
s(v)6 (nH − 1) + sG
6
(nH − 1)[(sH − 1)(nG+c0GrG − 1)+1− sG + rG(sH − 1) + nH − 2]
rG(sH − 1) + nH − 1 + sG:
We simplify by (sH − 1), to obtain
s(v)6
(nH − 1)[nG + c0GrG − 1 + rG + (nH − sG − 1)=(sH − 1)]
rG + (nH − 1)=(sH − 1) + sG:
By hypothesis, we have sH6d(nH + rH − 1)=rH e+ cH6(nH + (cH +1+ )rH − 1)=rH ,
where = 0 if cH = 0 and nH − 1  0 mod rH , = 1 otherwise. Set c0H = cH + ,
nH − 1> (sH − c0H − 1)rH
, nH − 1
sH − 1>
sH − c0H − 1










(nH − 1)[nG + c0GrG − 1 + rG + (nH − sG − 1)=(sH − 1)]
rG + rH (1− c0H =(sH − 1))
+ sG:
We have (nH − 1)=(sH − 1)6rH , hence we also have (nH − sG − 1)=(sH − 1)6rH . We
then obtain
s(v)6
nH (nG+(c0G+1)rG−1+ rH )− (nG+(c0G+1)rG−1 + rH )+ sGrG+ sGrH
rG+ rH (1−c0H =(sH − 1))
;
sGrG6nG + (c0G + 1)rG − 2, which gives
s(v)6

nH (nG + (c0G + 1)rG − 1 + rH ) + (sG − 1)rH
rG + rH (1− c0H =(sH − 1))

:
As s(w)6s(v), we obtain the following inequality (remember that c0G = cG + 1 and
c0H = cH + 6cH + 1):
s(G0)6s(v)6

nH (nG + (cG + 2)rG − 1 + rH ) + (sG − 1)rH
rG + rH (1− (cH + 1)=(sH − 1))

:
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Corollary 1. Let G 2 Gn;r and s(G) = (G) + c; then for all H 2 G[G];
s(H)6

n(n+ (c + 3)r) + (c + 1)r − 2
r(2− (c + 1)=(s− 1))

:



















Corollary 3. For all compound graph Gn 2 Cn[Cn]; we have
s(Gn)6
n2 + 8n+ 2
4− 8=n :
And so the ratio s(Gn)=(Gn) ! 1 as n ! 1 (s(Gn) and (Gn) are asymptotically
equivalent).
Proof. As shown in [4], s(Cn)6(Cn) + 1. We then apply Corollary 1 to obtain the
inequality.
4. Optimal weightings of some compound graphs
In this section, we show that the weighting algorithm of Section 2 gives the optimal
value for the irregularity strength of some compound graphs.
The recursive circulant graph G(cdm; d), 16c6d, has for vertex set the set of
integers modulo cdm and for edge set the set of pairs fu; u + dig, 06i6m if c 6= 1,
06i6m− 1 if c = 1.
Note that G(cdm; d) can be constructed inductively from d copies of G(cdm−1; d):
G(cdm; d) 2 Cd[G(cdm−1; d)] and G(cd; d) 2 Cd[Cc] if c>2, G(d; d) = Cd.
This graph has been proposed by Chwa and Park as a new topology for multicom-
puter networks [3].
The multidimensional torus MT(n; p) is the cartesian product of p cycles of
length n:
MT(n; p) = Cn  Cn      Cn| {z }
p times
:
Thus, MT(n; p) is a compound graph of cycles: MT(n; p) 2 Cn[MT(n; p − 1)] and
MT(n; 1) = Cn.
Denition 2. A graph G 2 Gn;r is A-optimal if
(i) s(G) = (n+ r − 1)=r = (n− 1)=r + 1
(ii) (n− 1)=r is even.
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Lemma 1. If G is A-optimal then any compound graph H 2G[G] is A-optimal.
Proof. If G is A-optimal then 0 and 0 are integers:
0 =
(s− 1)[(s− 1)r + 1] + 1− s




























2n+ 2r − 2 + n2 − 2n+ 1
2r
=
n2 + 2r − 1
2r
= (H):
(ii) As n− 1 = 2kr for some integer k,
n2 − 1 = (n+ 1)(n− 1) = (2kr + 2)2kr = 2r(2kr(kr + 1));
hence (n2 − 1)2r is even.
Corollary 4. Let p>0 and k>1 be integers; and let n= 4k + 1; then
s(G(n2
p
; n)) = (G(n2
p
; n));
s(MT(n; 2p)) = (MT(n; 2p)):
Proof. As shown in [4], s(C4k+1)=2k, so C4k+1 is A-optimal. By applying inductively
Lemma 1, we obtain the desired equalities:
Assume G(n2
p−1
; n) is A-optimal then G(n2
p
; n)2G(n2p−1 ; n)[G(n2p−1 ; n)] is A-optimal.
Assume MT(n; 2p−1) is A-optimal then MT(n; 2p) 2 MT(n; 2p−1)[MT(n; 2p−1)] is
A-optimal.
Proposition 3. Let p>0 be an integer and let n= 12k + 1; then
s(G(n2
p+2p+1 ; n)) = (G(n2
p+2p+1 ; n));
s(MT(n; 2p + 2p+1)) = (MT(n; 2p + 2p+1)):
Proof. We rst show that G(n3; n) and MT(n; 3) are A-optimal graphs: Let G 2 Cn[Cn]
and H = Cn. The parameters are
nG = n2 = (12k + 1)2; rG = 4; sG =
n2 − 1
4
+ 1 = 36k2 + 6k + 1;
nH = 12k + 1; rH = 2; sH =
12k + 1− 1
2
+ 1 = 6k + 1:
We have to verify that 0 is an integer:
0 =
6k(12k + 1)2 + 1 + 36k2 − 6k − 1
24k + 12k
= k(24k + 3)
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for any G0 2 H [G],
s(G0)6s(v)6 (nH − 1)0 + sG612k2(24k + 3) + 36k2 + 6k + 1
=36k2(8k + 2) + 6k + 1
and
(G0) =
(12k + 1)3 − 1
6
+ 1 =
12k((12k + 12 + (12k + 1) + 1)
6
= 36k2(8k + 2) + 6k + 1 = s(G0):
Condition (i) of A-optimality is then satised for G0.
In order G0 to satisfy condition (ii) of A-optimality, we need to verify that ((12k +
1)3 − 1)=6 is even, which is true as (12k + 1)3  1 (mod 12).
Therefore, G(n3; n) 2 Cn[Cn[Cn]] and MT(n; 3) 2 Cn[Cn[Cn]] are A-optimal.
To prove Proposition 3, we now proceed by induction on p:
Assume that G(n2
p−1+2p ; n) is A-optimal, then, by Corollary 4,
G(n2
p+2p+1 ; n) 2 G(n2p−1+2p ; n)[G(n2p−1+2p ; n)] is A-optimal.
The same argument works for MT(n; 2p + 2p+1).
Fig. 2. Irregular weighting of G(52; 5).
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Example. Let G 2 C5[C5]. We have s(C5) = 5+12 = 3 = (C5), 0 = 88 = 1 and 0 = 3.
By Corollary 4, we have s(G) = (G) = 284 = 7.
An illustration of this example is given in Fig. 2 for the recursive circulant graph
G = G(52; 5) which is a compound graph of two cycles of length 5.
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